
Vybrané př́ıklady z diferenciálńı geometrie – druhá fundamentálńı

forma

Matice prvńı a druhé fundamentálńı formy

Uvažujme parametrickou plochu σ ∶ U ⊂ R2 → R3

σ(u, v) = [σ1(u, v), σ2(u, v), σ3(u, v)].

Nejprve spoč́ıtáme parciálńı derivace parametrizace

σu(u, v), σv(u, v),

a druhé parciálńı derivace

σuu(u, v), σuv(u, v), σvv(u, v).

Koeficienty prvńı fundamentálńı formy jsou funkce

E(u, v) = σu(u, v) ⋅ σu(u, v),

F (u, v) = σu(u, v) ⋅ σv(u, v),
G(u, v) = σv(u, v) ⋅ σv(u, v).

Matice prvńı fundamentálńı formy je

I(u, v) = (E(u, v) F (u, v)
F (u, v) G(u, v)) .

Normálový vektor plochy je

n(u, v) = σu(u, v) × σv(u, v)
∥σu(u, v) × σv(u, v)∥ .

Koeficienty druhé fundamentálńı formy jsou funkce

e(u, v) = σuu(u, v) ⋅ n(u, v),

f(u, v) = σuv(u, v) ⋅ n(u, v),
g(u, v) = σvv(u, v) ⋅ n(u, v).

Matice druhé fundamentálńı formy je

II(u, v) = (e(u, v) f(u, v)
f(u, v) g(u, v)) .
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Př́ıklad 1 – výpočet matice prvńı a druhé fundamentálńı formy

Určete matice prvńı a druhé fundamentálńı formy plochy

σ(u, v) = [u, v, u2 + v2], u, v ∈ R.

Parciálńı derivace parametrizace jsou

σu(u, v) = (1, 0, 2u), σv(u, v) = (0, 1, 2v).

Nejprve urč́ıme koeficienty prvńı fundamentálńı formy:

E(u, v) = σu ⋅ σu = 1 + 4u2,

F (u, v) = σu ⋅ σv = 4uv,
G(u, v) = σv ⋅ σv = 1 + 4v2.

Matice prvńı fundamentálńı formy je

I(u, v) = (1 + 4u
2 4uv

4uv 1 + 4v2) .

Druhé parciálńı derivace jsou

σuu(u, v) = (0, 0, 2), σuv(u, v) = (0, 0, 0), σvv(u, v) = (0, 0, 2).

Normálový vektor:
σu(u, v) × σv(u, v) = (−2u, −2v, 1).

Jednotkový normálový vektor:

n(u, v) = (−2u, −2v, 1)√
1 + 4u2 + 4v2

.

Koeficienty druhé fundamentálńı formy:

e(u, v) = σuu ⋅ n = 2√
1 + 4u2 + 4v2

,

f(u, v) = σuv ⋅ n = 0,

g(u, v) = σvv ⋅ n = 2√
1 + 4u2 + 4v2

.

Matice druhé fundamentálńı formy je

II(u, v) = ⎛⎝
2

√

1+4u2+4v2
0

0 2
√

1+4u2+4v2

⎞
⎠ .
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Matice prvńı a druhé fundamentálńı formy v bodě

Uvažujme parametrickou plochu σ ∶ U ⊂ R2 → R3 a bod

p = [u0, v0] ∈ U, p = σ(p).

Nejprve spoč́ıtáme parciálńı derivace parametrizace

σu(u, v), σv(u, v),

a druhé parciálńı derivace

σuu(u, v), σuv(u, v), σvv(u, v).

Poté dosad́ıme bod p = [u0, v0]. T́ım dostaneme č́ıselné vektory

σu(p), σv(p),

σuu(p), σuv(p), σvv(p).

Koeficienty prvńı fundamentálńı formy v bodě p jsou

E(p) = σu(p) ⋅ σu(p),

F (p) = σu(p) ⋅ σv(p),
G(p) = σv(p) ⋅ σv(p).

Matice prvńı fundamentálńı formy v bodě p je tedy

I(p) = (E(p) F (p)
F (p) G(p)) .

Normálový vektor v bodě p urč́ıme jako

n(p) = σu(p) × σv(p)
∥σu(p) × σv(p)∥ .

Koeficienty druhé fundamentálńı formy v bodě p jsou

e(p) = σuu(p) ⋅ n(p),

f(p) = σuv(p) ⋅ n(p),
g(p) = σvv(p) ⋅ n(p).

Matice druhé fundamentálńı formy v bodě p je

II(p) = (e(p) f(p)
f(p) g(p)) .

Př́ıklad 2 – výpočet matice prvńı a druhé fundamentálńı formy v bodě

Určete matici prvńı a druhé fundamentálńı formy plochy

σ(u, v) = [−u − u2 + v, u + u2 − v + uv + v2, u + u2 + uv + v2], u, v ∈ R
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v bodě p = [−1,1].
Parciálńı derivace parametrizace jsou

σu(u, v) = (−1 − 2u, 1 + 2u + v, 1 + 2u + v), σv(u, v) = (1, −1 + u + 2v, u + 2v).

V bodě p = [−1,1] dostáváme

σu(p) = (1, 0, 0), σv(p) = (1, 0, 1).

Nejprve urč́ıme koeficienty prvńı fundamentálńı formy:

E(p) = σu(p) ⋅ σu(p) = (1, 0, 0) ⋅ (1, 0, 0) = 1,

F (p) = σu(p) ⋅ σv(p) = (1, 0, 0) ⋅ (1, 0, 1) = 1,
G(p) = σv(p) ⋅ σv(p) = (1, 0, 1) ⋅ (1, 0, 1) = 2.

Matice prvńı fundamentálńı formy v bodě p je

I(p) = (1 1
1 2
) .

Druhé parciálńı derivace jsou

σuu(u, v) = (−2, 2, 2), σuv(u, v) = (0, 1, 1), σvv(u, v) = (0, 2, 2).

Proto
σuu(p) = (−2, 2, 2), σuv(p) = (0, 1, 1), σvv(p) = (0, 2, 2).

Normálový vektor v bodě p je

n(p) = σu(p) × σv(p)
∥σu(p) × σv(p)∥ =

(1, 0, 0) × (1, 0, 1)
∥(1, 0, 0) × (1, 0, 1)∥ =

(0, −1, 0)
1

= (0, −1, 0).

Koeficienty druhé fundamentálńı formy:

e(p) = σuu(p) ⋅ n(p) = (−2, 2, 2) ⋅ (0, −1, 0) = −2,

f(p) = σuv(p) ⋅ n(p) = (0, 1, 1) ⋅ (0, −1, 0) = −1,
g(p) = σvv(p) ⋅ n(p) = (0, 2, 2) ⋅ (0, −1, 0) = −2.

Matice druhé fundamentálńı formy v bodě p je

II(p) = (−2 −1
−1 −2) .
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Př́ıklad 3 – výpočet matice prvńı a druhé fundamentálńı formy v bodě

Určete matici prvńı a druhé fundamentálńı formy plochy

σ(u, v) = [−1 + u2 − uv − v2, −u + uv, −1 − u − u2 + v + v2], u, v ∈ R

v bodě p = [0,0].
Parciálńı derivace parametrizace jsou

σu(u, v) = (2u − v, −1 + v, −1 − 2u), σv(u, v) = (−u − 2v, u, 1 + 2v).

V bodě p = [0,0] dostáváme

σu(p) = (0, −1, −1), σv(p) = (0, 0, 1).

Nejprve urč́ıme koeficienty prvńı fundamentálńı formy:

E(p) = σu(p) ⋅ σu(p) = (0, −1, −1) ⋅ (0, −1, −1) = 2,

F (p) = σu(p) ⋅ σv(p) = (0, −1, −1) ⋅ (0, 0, 1) = −1,
G(p) = σv(p) ⋅ σv(p) = (0, 0, 1) ⋅ (0, 0, 1) = 1.

Matice prvńı fundamentálńı formy v bodě p je

I(p) = ( 2 −1
−1 1

) .

Druhé parciálńı derivace jsou

σuu(u, v) = (2, 0, −2), σuv(u, v) = (−1, 1, 0), σvv(u, v) = (−2, 0, 2).

Proto
σuu(p) = (2, 0, −2), σuv(p) = (−1, 1, 0), σvv(p) = (−2, 0, 2).

Normálový vektor v bodě p je

n(p) = σu(p) × σv(p)
∥σu(p) × σv(p)∥ =

(0, −1, −1) × (0, 0, 1)
∥(0, −1, −1) × (0, 0, 1)∥ =

(−1, 0, 0)
1

= (−1, 0, 0).

Koeficienty druhé fundamentálńı formy:

e(p) = σuu(p) ⋅ n(p) = (2, 0, −2) ⋅ (−1, 0, 0) = −2,

f(p) = σuv(p) ⋅ n(p) = (−1, 1, 0) ⋅ (−1, 0, 0) = 1,
g(p) = σvv(p) ⋅ n(p) = (−2, 0, 2) ⋅ (−1, 0, 0) = 2.

Matice druhé fundamentálńı formy v bodě p je

II(p) = (−2 1
1 2

) .
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Normálová křivost (ve směru) v bodě

Uvažujme parametrickou plochu σ ∶ U ⊂ R2 → R3 a bod p = [u0, v0] ∈ U , p = σ(p).
Nechť v ∈ TpS je tečný vektor. Normálová křivost plochy S = σ(U) v bodě p ve směru v je
definována vztahem

κn(v) = IIp(v,v)
Ip(v,v) .

V bázi {σu(p), σv(p)} zaṕı̌seme směr

v = aσu(p) + bσv(p),

neboli v = (a, b) jsou lokálńı souřadnice vektoru v, a plat́ı

κn(v) = v⊺ II(p)v
v⊺ I(p)v .

kde

I(p) = (E F
F G

) , II(p) = (e f
f g

)

jsou matice prvńı a druhé fundamentálńı formy v bodě p.

Př́ıklad 2b – výpočet normálové křivosti ve směru v bodě

Určete normálovou křivost plochy

σ(u, v) = [−u − u2 + v, u + u2 − v + uv + v2, u + u2 + uv + v2], u, v ∈ R
v bodě p = [−1,1] ve směru vektoru s lokálńımi souřadnicemi

v = (1,−1).

Z Př́ıkladu 2 už máme

I(p) = (1 1
1 2
) , II(p) = (−2 −1

−1 −2) .

Normálová křivost ve směru v = (1,−1) je dána vztahem

κn(v) = v⊺ II(p)v
v⊺ I(p)v .

Po dosazeńı dostáváme

κn(v) =
(1 −1)(−2 −1

−1 −2)(
1
−1)

(1 −1)(1 1
1 2
)( 1−1)

.

Nyńı spoč́ıtáme zvlášť čitatele a jmenovatele.

Pro čitatele:

(−2 −1
−1 −2)(

1
−1) = (

−1
1
) ,

tedy

(1 −1)(−1
1
) = −2.
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Pro jmenovatele:

(1 1
1 2
)( 1−1) = (

0
−1) ,

tedy

(1 −1)( 0−1) = 1.

Proto

κn(v) = −2
1
= −2.

Př́ıklad 3b – výpočet normálové křivosti ve směru v bodě

Určete normálovou křivost plochy

σ(u, v) = [−1 + u2 − uv − v2, −u + uv, −1 − u − u2 + v + v2], u, v ∈ R

v bodě p = [0,0] ve směru vektoru s lokálńımi souřadnicemi

v = (1,1).

Z Př́ıkladu 3 už máme

I(p) = ( 2 −1
−1 1

) , II(p) = (−2 1
1 2

) .

Normálová křivost ve směru v = (1,1) je dána vztahem

κn(v) = v⊺ II(p)v
v⊺ I(p)v .

Po dosazeńı dostáváme

κn(v) =
(1 1)(−2 1

1 2
)(1

1
)

(1 1)( 2 −1
−1 1

)(1
1
)
.

Nyńı spoč́ıtáme zvlášť čitatele a jmenovatele.

Pro čitatele:

(−2 1
1 2

)(1
1
) = (−1

3
) ,

tedy

(1 1)(−1
3
) = 2.

Pro jmenovatele:

( 2 −1
−1 1

)(1
1
) = (1

0
) ,

tedy

(1 1)(1
0
) = 1.

Proto

κn(v) = 2

1
= 2.
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Hlavńı křivosti a směry v bodě

Uvažujme parametrickou plochu σ ∶ U ⊂ R2 → R3 a bod p = [u0, v0] ∈ U , p = σ(p).
Hlavńı křivosti κ1, κ2 určujeme jako řešeńı zobecněného vlastńıho problému

(II(p) − κ I(p)) t = 0.

Nenulové řešeńı existuje právě tehdy, když

det(II − κI) = det(e − κE f − κF
f − κF g − κG) = 0.

Kořeny této rovnice jsou hlavńı křivosti κ1, κ2.

Hlavńı směry určujeme pro nalezené hodnoty κ1, κ2 řešeńım soustavy

(II − κiI) ti = 0, i = 1,2.

Po rozepsáńı:

(e − κiE f − κiF
f − κiF g − κiG)(

ai
bi
) = (0

0
) .

Nenulová řešeńı ti = (ai, bi) určuj́ı hlavńı směry v bodě p:

ti = Jσ(p) ti = ai σu(p) + bi σv(p), i = 1,2.

Př́ıklad 2c – výpočet hlavńıch křivost́ı a hlavńıch směr̊u v bodě

Určete hlavńı křivosti a hlavńı směry plochy

σ(u, v) = [−u − u2 + v, u + u2 − v + uv + v2, u + u2 + uv + v2], u, v ∈ R
v bodě p = [−1,1].
Z Př́ıkladu 2b máme

I(p) = (1 1
1 2
) , II(p) = (−2 −1

−1 −2) .

Hlavńı křivosti určujeme jako řešeńı rovnice

det(II − κI) = 0,
tedy

det(−2 − κ −1 − κ
−1 − κ −2 − 2κ) = 0.

Po úpravě dostáváme
κ2 + 4κ + 3 = 0,

odkud
κ1 = −1, κ2 = −3.

Pro prvńı hlavńı křivost κ1 = −1 řeš́ıme soustavu

(II(p) − κ1I(p)) t1 = 0,
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tedy

((−2 −1
−1 −2) + (

1 1
1 2
)) t1 = (−1 0

0 0
) t1 = 0.

Odtud
t1 = (0,1).

Pro druhou hlavńı křivost κ2 = −3 řeš́ıme soustavu

(II(p) − κ2I(p)) t2 = 0,

tedy

((−2 −1
−1 −2) + 3(

1 1
1 2
)) t2 = (1 2

2 4
) t2 = 0.

Odtud
a + 2b = 0,

a tedy můžeme zvolit
t2 = (−2,1).

Z Př́ıkladu 2 máme
σu(p) = (1, 0, 0), σv(p) = (1, 0, 1).

Proto hlavńı směry v bodě p jsou

t1 = Jσ(p) t1 = 0σu(p) + 1σv(p) = (1, 0, 1),

a
t2 = Jσ(p) t2 = −2σu(p) + 1σv(p) = −2(1, 0, 0) + (1, 0, 1) = (−1, 0, 1).

Př́ıklad 3c – výpočet hlavńıch křivost́ı a hlavńıch směr̊u v bodě

Určete hlavńı křivosti a hlavńı směry plochy

σ(u, v) = [−1 + u2 − uv − v2, −u + uv, −1 − u − u2 + v + v2], u, v ∈ R

v bodě p = [0,0].
Z Př́ıkladu 3c máme

I(p) = ( 2 −1
−1 1

) , II(p) = (−2 1
1 2

) .

Hlavńı křivosti určujeme jako řešeńı rovnice

det(II − κI) = 0,

tedy

det(−2 − 2κ 1 + κ
1 + κ 2 − κ) = 0.

Po úpravě dostáváme
κ2 − 4κ − 5 = 0,

odkud
κ1 = 5, κ2 = −1.
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Pro prvńı hlavńı křivost κ1 = 5 řeš́ıme soustavu

(II(p) − κ1I(p)) t1 = 0,

tedy

((−2 1
1 2

) − 5( 2 −1
−1 1

)) t1 = (−12 6
6 −3) t1 = 0.

Odtud
−12a + 6b = 0,

tedy
b = 2a.

Můžeme zvolit
t1 = (1,2).

Pro druhou hlavńı křivost κ2 = −1 řeš́ıme soustavu

(II(p) − κ2I(p)) t2 = 0,

tedy

((−2 1
1 2

) + ( 2 −1
−1 1

)) t2 = (0 0
0 3
) t2 = 0.

Odtud
b = 0,

a můžeme zvolit
t2 = (1,0).

Z Př́ıkladu 3 máme
σu(p) = (0, −1, −1), σv(p) = (0, 0, 1).

Proto hlavńı směry v bodě p jsou

t1 = Jσ(p) t1 = 1σu(p) + 2σv(p) = (0, −1, −1) + 2(0, 0, 1) = (0, −1, 1),

a
t2 = Jσ(p) t2 = 1σu(p) + 0σv(p) = (0, −1, −1).
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Gaussova a středńı křivost v bodě

Uvažujme parametrickou plochu σ ∶ U ⊂ R2 → R3 a bod p = [u0, v0] ∈ U .

Jsou-li κ1, κ2 hlavńı křivosti plochy v bodě p, pak Gaussova křivost a středńı křivost jsou defi-
novány vztahem

K = κ1κ2, H = κ1 + κ2
2

.

Současně pro ně plat́ı výpočtové vzorce

K = det II(p)
det I(p) =

eg − f2

EG − F 2
,

H = 1

2
tr(I(p)−1II(p)) = eG − 2fF + gE

2(EG − F 2) .

Př́ıklad 2d – výpočet Gaussovy a středńı křivosti v bodě

Určete Gaussovu a středńı křivost plochy

σ(u, v) = [−u − u2 + v, u + u2 − v + uv + v2, u + u2 + uv + v2], u, v ∈ R

v bodě p = [−1,1].
Z Př́ıkladu 2c máme hlavńı křivosti

κ1 = −1, κ2 = −3.
Proto

K = κ1κ2 = (−1)(−3) = 3, H = κ1 + κ2
2

= −1 − 3
2
= −2.

Současně lze použ́ıt výpočtové vzorce.

Z Př́ıkladu 2 máme

II(p) = (−2 −1
−1 −2) , I(p) = (1 1

1 2
) .

Tedy
e = −2, f = −1, g = −2, E = 1, F = 1, G = 2.

Gaussova křivost:

K = eg − f2

EG − F 2
= (−2)(−2) − (−1)

2

1 ⋅ 2 − 12 = 4 − 1
1
= 3.

Středńı křivost:

H = eG − 2fF + gE
2(EG − F 2) =

(−2) ⋅ 2 − 2(−1) ⋅ 1 + (−2) ⋅ 1
2(2 − 1) = −4 + 2 − 2

2
= −2.

Př́ıklad 3d – výpočet Gaussovy a středńı křivosti v bodě

Určete Gaussovu a středńı křivost plochy

σ(u, v) = [−1 + u2 − uv − v2, −u + uv, −1 − u − u2 + v + v2], u, v ∈ R

v bodě p = [0,0].
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Z Př́ıkladu 3c máme hlavńı křivosti
κ1 = 5, κ2 = −1.

Proto

K = κ1κ2 = 5 ⋅ (−1) = −5, H = κ1 + κ2
2

= 5 − 1
2
= 2.

Současně lze použ́ıt výpočtové vzorce.

Z Př́ıkladu 3 máme

II(p) = (−2 1
1 2

) , I(p) = ( 2 −1
−1 1

) .

Tedy
e = −2, f = 1, g = 2, E = 2, F = −1, G = 1.

Gaussova křivost:

K = eg − f2

EG − F 2
= (−2) ⋅ 2 − 1

2

2 ⋅ 1 − (−1)2 =
−4 − 1

1
= −5.

Středńı křivost:

H = eG − 2fF + gE
2(EG − F 2) =

(−2) ⋅ 1 − 2 ⋅ 1 ⋅ (−1) + 2 ⋅ 2
2(2 − 1) = −2 + 2 + 4

2
= 2.
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Výpočty pomoćı Weingartenovo zobrazeńı

Uvažujme parametrickou plochu σ ∶ U ⊂ R2 → R3 a bod p = [u0, v0] ∈ U , p = σ(p).
Weingartenovo zobrazeńı v bodě p je v bázi {σu(p), σv(p)} reprezentováno matićı

W(p) = I(p)−1II(p),

kde

I(p) = (E F
F G

) , II(p) = (e f
f g

) .

Hlavńı křivosti κ1, κ2 jsou vlastńı č́ısla matice W(p).
Hlavńı směry v lokálńıch souřadnićıch jsou dány vlastńımi vektory t1, t2 matice W(p).
Odpov́ıdaj́ıćı směry na ploše jsou

ti = Jσ(p) ti, i = 1,2.

Gaussova a středńı křivost jsou dány vztahy

K = κ1κ2 = detW(p), H = κ1 + κ2
2

= 1

2
trW(p).

Př́ıklad 2e – výpočet hlavńıch křivost́ı, hlavńıch směr̊u, Gaussovy, středńı a normálové
křivosti

Určete hlavńı křivosti, hlavńı směry, Gaussovu křivost, středńı křivost a normálovou křivost plochy

σ(u, v) = [−u − u2 + v, u + u2 − v + uv + v2, u + u2 + uv + v2], u, v ∈ R

v bodě p = [−1,1] ve směru vektoru s lokálńımi souřadnicemi

v = (1,−1).

Z předchoźıch př́ıklad̊u už máme

I(p) = (1 1
1 2
) , II(p) = (−2 −1

−1 −2) .

Nejprve urč́ıme Weingartenovo zobrazeńı

W(p) = I(p)−1II(p).

Protože

I(p)−1 = ( 2 −1
−1 1

) ,

dostáváme

W(p) = ( 2 −1
−1 1

)(−2 −1
−1 −2) = (

−3 0
1 −1) .

Hlavńı křivosti jsou vlastńı č́ısla matice W(p), tedy řešeńı rovnice

det(W(p) − κE) = 0.
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Plat́ı

det(−3 − κ 0
1 −1 − κ) = (−3 − κ)(−1 − κ) = 0.

Odtud
κ1 = −1, κ2 = −3.

Pro prvńı hlavńı křivost κ1 = −1 řeš́ıme soustavu

(W(p) − κ1E) t1 = (W(p) +E) t1 = 0,

tedy

(−2 0
1 0

) t1 = 0.

Odtud můžeme zvolit
t1 = (0,1).

Pro druhou hlavńı křivost κ2 = −3 řeš́ıme soustavu

(W(p) − κ2E) t2 = (W(p) + 3E) t2 = 0,

tedy

(0 0
1 2
) t2 = 0.

Odtud
a + 2b = 0,

a můžeme zvolit
t2 = (−2,1).

Z Př́ıkladu 2 dále v́ıme, že

σu(p) = (1, 0, 0), σv(p) = (1, 0, 1).

Proto hlavńı směry na ploše jsou

t1 = Jσ(p) t1 = 0σu(p) + 1σv(p) = (1, 0, 1),

a
t2 = Jσ(p) t2 = −2σu(p) + 1σv(p) = −2(1, 0, 0) + (1, 0, 1) = (−1, 0, 1).

Gaussova křivost je
K = κ1κ2 = (−1)(−3) = 3.

Středńı křivost je

H = κ1 + κ2
2

= −1 − 3
2
= −2.

Normálová křivost ve směru v = (1,−1) je

κn(v) = v⊺ II(p)v
v⊺ I(p)v =

(1 −1)(−2 −1
−1 −2)(

1
−1)

(1 −1)(1 1
1 2
)( 1−1)

= −2
1
= −2.
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Př́ıklad 3e – výpočet hlavńıch křivost́ı, hlavńıch směr̊u, Gaussovy, středńı a normálové
křivosti

Určete hlavńı křivosti, hlavńı směry, Gaussovu křivost, středńı křivost a normálovou křivost plochy

σ(u, v) = [−1 + u2 − uv − v2, −u + uv, −1 − u − u2 + v + v2], u, v ∈ R
v bodě p = [0,0] ve směru vektoru s lokálńımi souřadnicemi

v = (1,1).

Z předchoźıch př́ıklad̊u už máme

I(p) = ( 2 −1
−1 1

) , II(p) = (−2 1
1 2

) .

Nejprve urč́ıme Weingartenovo zobrazeńı

W(p) = I(p)−1II(p).
Protože

I(p)−1 = (1 1
1 2
) ,

dostáváme

W(p) = (1 1
1 2
)(−2 1

1 2
) = (−1 3

0 5
) .

Hlavńı křivosti jsou vlastńı č́ısla matice W(p), tedy řešeńı rovnice

det(W(p) − κE) = 0.
Plat́ı

det(−1 − κ 3
0 5 − κ) = (−1 − κ)(5 − κ) = 0.

Odtud
κ1 = 5, κ2 = −1.

Pro prvńı hlavńı křivost κ1 = 5 řeš́ıme soustavu

(W(p) − κ1E) t1 = 0,
tedy

(−6 3
0 0

) t1 = 0.

Odtud
−6a + 3b = 0,

a můžeme zvolit
t1 = (1,2).

Pro druhou hlavńı křivost κ2 = −1 řeš́ıme soustavu

(W(p) − κ2E) t2 = (W(p) +E) t2 = 0,
tedy

(0 3
0 6
) t2 = 0.
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Odtud
b = 0,

a můžeme zvolit
t2 = (1,0).

Z Př́ıkladu 3 dále v́ıme, že

σu(p) = (0, −1, −1), σv(p) = (0, 0, 1).

Proto hlavńı směry na ploše jsou

t1 = Jσ(p) t1 = 1σu(p) + 2σv(p) = (0, −1, −1) + 2(0, 0, 1) = (0, −1, 1),

a
t2 = Jσ(p) t2 = 1σu(p) + 0σv(p) = (0, −1, −1).

Gaussova křivost je
K = κ1κ2 = 5 ⋅ (−1) = −5.

Středńı křivost je

H = κ1 + κ2
2

= 5 − 1
2
= 2.

Normálová křivost ve směru v = (1,1) je

κn(v) = v⊺ II(p)v
v⊺ I(p)v =

(1 1)(−2 1
1 2

)(1
1
)

(1 1)( 2 −1
−1 1

)(1
1
)
= 2

1
= 2.
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