
5 - Domáćı cvičeńı č. 5

Př́ıklad 5.1. Rozhodněte, zda dané zobrazeńı je lineárńı.

1. L: R3 −→ R5 dané předpisem
L([a, b, c]T ) = [2a− b+ c, 0, a+ 3b− c, 0, 3a+ 2b]T ,

2. L: R4 −→ R2 dané předpisem
L([a, b, c, d]T ) = [a− b+ 2c+ 1, b− d− a]T ,

3. L:P3 −→ R2 dané předpisem
L(ax3 + bx2 + cx+ d) = [a− b+ 2c, b− d− a]T ,

4. L:M2,3 −→ P2 dané předpisem

L(
[

a b c
d e f

]
) = (a+ b)x2 + (c+ d)x+ (e+ f),

5. L: R2 −→ P3 dané předpisem
L([a, b]T ) = (a+ b)x3 + 2bx2 + abx+ (2a+ b),

6. L: R4 −→ R2 dané předpisem

L(x) = Ax, kde A =

[
1 2 3 4

−5 1 0 −3

]
,

7. L: R3 −→ R2 dané předpisem

L(x) = Ax+ b, kde A =

[
1 −3 5
2 1 6

]
, b =

[
2
3

]
,

8. L:M2,2 −→ P2 dané předpisem

L(
[

a b
c d

]
) = (ax)2 + (b+ c)x+ d,

9. L: R2 −→ R dané předpisem
L([a, b]T ) = ea+b.

Př́ıklad 5.2. Určete dimenzi a najděte alespoň jednu bázi jádra KerL a obrazu ImL.

1. L: R3 −→ R5 dané předpisem
L([a, b, c]T ) = [2a− b+ c, 0, a+ 3b− c, 0, 3a+ 2b]T ,

2. L:P3 −→ R2 dané předpisem
L(ax3 + bx2 + cx+ d) = [a− b+ 2c, b− d− a]T ,

3. L:M2,3 −→ P2 dané předpisem

L(
[

a b c
d e f

]
) = (a+ b)x2 + (c+ d)x+ (e+ f),

4. L: R4 −→ R2 dané předpisem

L(x) = Ax, kde A =

[
1 2 3 4

−1 3 0 −1

]
,

5. L: R3 −→ R4 dané předpisem

L(x) = Ax, kde A =


1 2 −3
4 −1 2
1 1 1

−3 1 2

,



6. L:P2 −→ R5 dané předpisem
L(ax2 + bx+ c) = [a+ 2b+ c, a− c, 2a+ b− c, a+ b,−a+ b+ 2c]T .

Př́ıklad 5.3. Určete matici A lineárńıho zobrazeńı L ve standardńıch báźıch e1, e2, ... a p1, p2, ....

1. L: R3 −→ R5 dané předpisem
L([a, b, c]T ) = [2a− b+ c, 0, a+ 3b− c, 0, 3a+ 2b]T ,
R3: e1 = [1, 0, 0]T , e2 = [0, 1, 0]T , e3 = [0, 0, 1]T ,
R5: p1 = [1, 0, 0, 0, 0]T , p2 = [0, 1, 0, 0, 0]T , p3 = [0, 0, 1, 0, 0]T , p4 = [0, 0, 0, 1, 0]T ,
p5 = [0, 0, 0, 0, 1]T ,

2. L:P3 −→ R2 dané předpisem
L(ax3 + bx2 + cx+ d) = [a− b+ 2c, b− d− a]T ,
P3: e1 = x3, e2 = x2, e3 = x, e4 = 1,
R2: p1 = [1, 0]T , p2 = [0, 1]T ,

3. L:M2,3 −→ P2 dané předpisem

L(
[

a b c
d e f

]
) = (a+ b)x2 + (c+ d)x+ (e+ f),

M2,3: E1 =

[
1 0 0
0 0 0

]
, E2 =

[
0 1 0
0 0 0

]
, E3 =

[
0 0 1
0 0 0

]
, E4 =

[
0 0 0
1 0 0

]
,

E5 =

[
0 0 0
0 1 0

]
, E6 =

[
0 0 0
0 0 1

]
,

P2: p1 = x2, p2 = x, p3 = 1.

4. L: R3 −→ R4 dané předpisem

L(x) = Cx, kde x ∈ R3, C =


1 −2 3
4 5 1
0 1 −2

−3 2 1


R3: e1 = [1, 0, 0]T , e2 = [0, 1, 0]T , e3 = [0, 0, 1]T ,
R4: p1 = [1, 0, 0, 0]T , p2 = [0, 1, 0, 0]T , p3 = [0, 0, 1, 0]T , p4 = [0, 0, 0, 1]T .

Př́ıklad 5.4. Určete matici B lineárńıho zobrazeńı L v báźıch v1, v2, ... a u1, u2, ....

1. L: R3 −→ R5 dané předpisem
L([a, b, c]T ) = [2a− b+ c, 0, a+ 3b− c, 0, 3a+ 2b]T ,
R3: v1 = [1, 2, 3]T , v2 = [2, 1, 3]T , v3 = [3, 1, 2]T ,
R5: u1 = [1, 2,−1, 1, 1]T , u2 = [2, 1, 1, 1, 0]T , u3 = [−1, 3, 1, 0, 0]T , u4 = [2, 1, 0, 0, 0]T , u5 =
[1, 0, 0, 0, 0]T ,

2. L:P3 −→ R2 dané předpisem
L(ax3 + bx2 + cx+ d) = [a− b+ 2c, b− d− a]T ,
P3: v1 = x3+2x2+x+2, v2 = x3+2x2+x−2, v3 = x3+2x2−x−2, v4 = x3−2x2−x−2,
R2: u1 = [1, 2]T , u2 = [2, 1]T ,

3. L:M2,3 −→ P2 dané předpisem

L(
[

a b c
d e f

]
) = (a+ b)x2 + (c+ d)x+ (e+ f),

M2,3: V1 =

[
1 1 0
0 0 0

]
, V2 =

[
0 1 1
0 0 0

]
, V3 =

[
0 0 1
1 0 0

]
, V4 =

[
0 0 0
1 1 0

]
,

V5 =

[
0 0 0
0 1 1

]
, V6 =

[
1 0 0
0 0 −1

]
,

P2: u1 = x2 + 2x, u2 = x+ 2, u3 = 2x2 + 1,



4. L: R3 −→ R4 dané předpisem

L(x) = Cx, kde x ∈ R3, C =


1 −2 3
4 5 1
0 1 −2

−3 2 1


R3: v1 = [1, 2, 1]T , v2 = [2, 1, 1]T , v3 = [1, 1, 2]T ,
R4: u1 = [1, 1, 1, 0]T , u2 = [1, 1, 0, 1]T , u3 = [1, 0, 1, 1]T ,u4 = [0, 1, 1, 1]T .

Př́ıklad 5.5. Je dáno zobrazeńı L:V −→ U .

(a) Ukažte, že zobrazeńı je lineárńı.

(b) Určete bázi a dimenzi jádra KerL a obrazu ImL.

(c) Určete matici A lineárńıho zobrazeńı L ve standardńıch báźıch e1, e2, ... prostoru V a f1, f2, ...
prostoru U .

(d) Určete matici B lineárńıho zobrazeńı L v báźıch v1, v2, ... prostoru V a u1, u2, ... prostoru U .

(e) Určete T matici přechodu od standardńı báze e1, e2, ... k bázi v1, v2, ... prostoru V.

(f) Určete H matici přechodu od standardńı báze f1, f2, ... k bázi u1, u2, ... prostoru U .

(g) Ukažte, že B = H−1AT.

Řešte pro zobrazeńı L: R3 −→ R2, které je dáno předpisem

L([a, b, c]T ) = [a+ 2b− c, 2a+ 3b+ 3c]T .

Báze prostoru V = R3:
e1 = [1, 0, 0]T , e2 = [0, 1, 0]T , e3 = [0, 0, 1]T ;
v1 = [1, 2,−1]T , v2 = [2,−1, 1]T , v3 = [−1, 1, 2]T ;
Báze prostoru U = R2:
f1 = [1, 0]T , f2 = [0, 1]T ;
u1 = [1, 3]T , u2 = [3, 1]T .

Př́ıklad 5.6. Je dáno zobrazeńı L:V −→ U .

(a) Ukažte, že zobrazeńı je lineárńı.

(b) Určete bázi a dimenzi jádra KerL a obrazu ImL.

(c) Určete matici A lineárńıho zobrazeńı L ve standardńıch báźıch e1, e2, ... prostoru V a f1, f2, ...
prostoru U .

(d) Určete matici B lineárńıho zobrazeńı L v báźıch v1, v2, ... prostoru V a u1, u2, ... prostoru U .

(e) Určete T matici přechodu od standardńı báze e1, e2, ... k bázi v1, v2, ... prostoru V.

(f) Určete H matici přechodu od standardńı báze f1, f2, ... k bázi u1, u2, ... prostoru U .

(g) Ukažte, že B = H−1AT.



Řešte pro zobrazeńı L: R2 −→ P4, které je dáno předpisem

L([a, b]T ) = (a− b)x4 + (2a+ b)x3 + 2bx+ (b− a).

Báze prostoru V = R2:
e1 = [1, 0]T , e2 = [0, 1]T ;
v1 = [1, 3]T , v2 = [2,−3]T ;
Báze prostoru U = P4:
f1 = x4, f2 = x3, f3 = x2, f4 = x, f5 = 1;
u1 = x4 + x2, u2 = x3 + x, u3 = x2 + 1, u4 = x4 + x, u5 = x3 + 1.

Př́ıklad 5.7. Jsou dána lineárńı zobrazeńı L1: R3 −→ P4 dané předpisem
L1([a, b, c]

T ) = (a+ b)x4 + (2a− c)x3 + (b+ 3c)x2 + (2a+ b)x+ (b+ 4c),
L2:P4 −→ M2,2 dané předpisem

L2(ax
4 + bx3 + cx2 + dx+ e) =

[
a+ d− e b+ 2c+ e
2a− c+ 2d b+ d+ 3e

]
.

(a) Určete složené zobrazeńı L: R3 −→ M2,2,

(b) Určete matice A1,A2 lineárńıch zobrazeńı L1, L2 a matici A složeného zobrazeńı L ve
standardńıch báźıch
R3: e1 = [1, 0, 0]T , e2 = [0, 1, 0]T , e3 = [0, 0, 1]T ,
P4: p1 = x4, p2 = x3, p3 = x2, p4 = x, p5 = 1,

M2,2: V1 =

[
1 0
0 0

]
, V2 =

[
0 1
0 0

]
, V3 =

[
0 0
1 0

]
, V4 =

[
0 0
0 1

]
,

(c) Určete A2A1.

Př́ıklad 5.8. Jsou dána lineárńı zobrazeńı L1: R4 −→ P2 dané předpisem
L1([a, b, c, d]

T ) = (a+ c− d)x2 + (b+ d− a)x+ (b+ c),
L2:P2 −→ R5 dané předpisem
L2(ax

2 + bx+ c) = [a+ b, b+ c, a+ c, a+ 2b+ c, a+ b+ 2c]T .

(a) Určete složené zobrazeńı L: R4 −→ R5,

(b) Určete matice A1,A2 lineárńıch zobrazeńı L1, L2 a matici A složeného zobrazeńı L v báźıch
R4: v1 = [1, 1, 0, 0]T , v2 = [0, 1,−1, 1]T , v3 = [−2,−1, 2, 2]T , v4 = [1, 1, 1, 1]T ,
P2: p1 = x2 − 3x+ 2, p2 = 3x2 + 2x− 1, p3 = 2x2 + x− 3,
R5: u1 = [1,−1, 0, 0, 0]T , u2 = [0, 1,−1, 0, 0]T , u3 = [0, 0, 1,−1, 0]T , u4 = [0, 0, 0, 1, 1]T ,
u5 = [−1, 0, 0, 0, 1]T ,

(c) Určete A2A1.

Př́ıklad 5.9. Jsou dána lineárńı zobrazeńı L1:M2,3 −→ P3 dané předpisem

L1(

[
a b c
d e f

]
) = (a− b+ 2e)x3 + (b+ c+ 2d)x2 + (2a+ e− f)x+ (a+ 2b+ c− e+ 2d− f),

L2:P3 −→ R5 dané předpisem
L2(ax

3 + bx2 + cx+ d) = [3a− c, 3b− d, 3c− b, 3d− a, a+ b+ c+ d]T .

(a) Určete složené zobrazeńı L:M2,3 −→ R5,



(b) Určete matice A1,A2 lineárńıch zobrazeńı L1, L2 a matici A složeného zobrazeńı L v báźıch

M2,3: V1 =

[
1 2 0
0 0 0

]
, V2 =

[
0 1 2
0 0 0

]
, V3 =

[
0 0 1
2 0 0

]
, V4 =

[
0 0 0
1 2 0

]
,

V5 =

[
0 0 0
0 1 2

]
, V4 =

[
2 0 0
0 0 1

]
,

P3: p1 = x3+x2−x− 1, p2 = x3−x2−x+1, p3 = −x3+x2+x+1, p4 = −x3+x2−x+1,
R5: u1 = [1, 0,−1, 0, 1]T , u2 = [0, 1, 0,−1, 0]T , u3 = [1, 1, 1,−1,−1]T , u4 = [−1, 1,−1, 1,−1]T ,
u5 = [1, 1, 0,−1, 1]T ,

(c) Určete A2A1.

Př́ıklad 5.10. Je dáno lineárńı zobrazeńı L:U −→ U . Skládáńım tohoto zobrazeńı źıskáme
L2(u) = L(L(u)), L3(u) = L(L(L(u))), ... Určete předpis zobrazeńı Lk, dimenzi jádra a obrazu
zobrazeńı Lk pro každé k = 1, ..., n.

1. n = 3, U = R3, L: R3 −→ R3 je dané předpisem
L([a, b, c]T ) = [5a+ 8b+ c,−3a− 5b− c, 2a+ 3b]T ,

2. n = 3, U = R3, L: R3 −→ R3 je dané předpisem
L([a, b, c]T ) = [a+ b− c,−a+ b+ c, 2b]T ,

3. n = 2, U = R3, L: R3 −→ R3 je dané předpisem
L([a, b, c]T ) = [−9a+ 7b− 3c,−4a+ 4b− c, 16a− 11b+ 6c]T ,

4. n = 3, U = P2, L:P2 −→ P2 je dané předpisem
L(ax2 + bx+ c) = (a− b)x2 + (b− c)x+ (c− a),

5. n = 5, U = R4, L: R4 −→ R4 je dané předpisem
L([a, b, c, d]T ) = [2a− 13b− 38c+ 13d,−a+ 6b+ 18c− 6d, a− b− 6c+ 3d, 3b+ 7c− 2d]T ,

6. n = 6, U = P3, L:P3 −→ P3 je dané předpisem
L(ax3 + bx2 + cx + d) = (−3a + 2b − d)x3 + (−11a + 6b + c − 2d)x2 + (13a − 5b − 3c)x +
(4a− 2b− c+ d),

7. n = 2, U = M2,2, L:M2,2 −→ M2,2 je dané předpisem

L(
[

a b
c d

]
) =

[
−18a+ 9b− 2c+ 4d 2a+ b− d

100a− 45b+ 12c− 22d −26a+ 12b− 2c+ 7d

]
.

Př́ıklad 5.11. Je dáno zobrazeńı L: R2 −→ P1 pro každé [a, b]T ∈ R2 předpisem

L([a, b]T ) = (2a− b)x+ (a+ 3b).

a) Ukažte, že zobrazeńı L je izomorfismus.

b) Určete matici A zobrazeńı L ve standardńıch báźıch
e1 = [1, 0]T , e2 = [0, 1]T prostoru R2, p1(x) = x, p2(x) = 1 prostoru P1.

c) Určete matici inverzńı A−1 k matici A.

Označ́ıme-li L(v) = q pro libovolné v ∈ R2, q ∈ P1, potom L−1(q) = v.
Pro inverzńı zobrazeńı L−1:P1 −→ R2 pak plat́ı: A−1q̂ = ṽ,
q̂ jsou souřadnice prvku q = ax+ b v bázi p1(x), p2(x) prostoru P1,
ṽ jsou souřadnice obrazu v v bázi e1, e2 prostoru R2.

d) Určete ṽ = A−1q̂.

e) Určete prvek v ze souřadnic ṽ v bázi e1, e2 prostoru R2.

f) Napǐste předpis inverzńıho zobrazeńı L−1:P1 −→ R2.


